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The combinatorial study of the plant layout problem presented in [l] relies on 
the notion of deltahedron. In this note geometrical realiL,ation theorems of 
deltahedta will be established. There are at least two reasons justifying this 
contribution: 
(a) to legitimate the use of the deltahedron structure, which in [l] apptxus as a 
maximal planar graph (i.e., triangulation of the plane) with the set of its regions 
(i.e., certain triangles of the graph); 
(b) to profit from geometrical evidences when further properties of deltahedra 
must be verified. 
As an application of the concept, we answer the questions posed in [l]. 
DekiW~ A de&&e&on is an ordered triplet (V, E, 7’) satisfying: 
(i) (V, E) is a connected graph with more than 3 vertices and T is a set of its 
triangles such that each edge is covered exactly twice by these triangles; 
(ii) for every w E V, all of the edges not incident with u and covered by some 
triangles containing w, form a cycle in (V, E) (called the neighbouring cycle C(U) 
of u); 
(iii) every cycle of (V, E) splits T into two disjoint parts, so that the two 
triangles incident with an edge of the cycle are in different parts and two triangles 
incident with a common edge not on the cycle are in the same part. 
There ate two simple consequences of the definition: 
l%qmith 1. (V,E) is a 3-connected grapl2 (the removal of any two uerrices does 
not disconnect the graph). 
proposition 2. If a, b, c E V span a triangle in (V, E) which does not belong to T. 
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then {a, b, c} is an articulation set generating exactly two connected components in
(v, E). 
From this proposition it is evident that any deltahedron with such articulation 
triangles can be repeatedly cut up into smaller deltahedra without articulation 
triangles and this decomposition is uniquely determined (Conjecture 1 in [l]). 
If {a, u, u} and {b, u, U} are triangles belonging to ‘I” such that {a, 6) ti E, 
E’=(E\{a, b})U{u,u) and 
T’ = (T \ ({a u, u)U{b, u, 4)) U{u, a, b}U(u, u, b}, 
then (V, E’, T’) is clearly a deltahedron. We say that (V, E’, 7”) is constructed 
from (V, E, T) by a-operation. 
It is proved in [l] that by a sequence of at-operations any (V, E, 7’) can be 
transformed into some (V, E’, T J in which a given vertex has degree 3. 
at-operations have the following further property: 
Proposition 3. The graph (V, E) is planar ijJ (V, E’) is planar. 
The first theorem may be considered as a return to the origin of deltahedra stating 
that maximal planar graphs are well characterized by (i), (ii) and (iii). 
Themrem 1. ( V, E, T) is a deltahedron if and only if (V, E) is a planar graph with a 
set T of triangular egions only. 
Proof. (An outline of the less trivial part.) Let (V, E, T) be a deltahedron. If 
( V, iE) is planar then T is its regions set, since the pattern of any vertex with its 
neighbouring cycle is determined uniquely. Supposing that (V, E) is not planar, by 
a sequence of a~operations a deltahedron can be constructed with a vertex u of 
degree 3. By cutting off u and sealing the cut face by C(u) = {a, b, c} we get a 
deltahedron ( V \ {u}, E’, T’) such that (V \ {u}, E’) is non-planar. The repeated 
application of these steps results in the (combinatorial) tetrahedron; a contradic- 
tion. 
A convex polyhedron P can be defined by its skekton (V, E, F) as follows: V is 
the vertex set of P, the faces of P, i.e., its edges and facets, are the convex hulls of 
the elements in E and F respectively; P is the convex hull of V. P is called 
simplicial if its facets are all triangles. It is clear that the skeleton of a simplicial 
polyhedron satisfies (i), (ii) and (iii) (see 123). Moreover, it holds: 
theorem 2. ( V, E, T) is a dekahedron if and only if ( V, E, T) is (combinatorially ) 
equivalent o the skeleton of a simplicial polyhedron. 
In fact, essentially the same result is given by Steinitz-Rademacher using a simple 
reduction technique which is pictured in Figs. 1 and 2 (see [2]). Note that 
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Fig. 1. Example of the vertex reduction operation of deltahedra. 
Theorems 1 and 2 are also consequences of the following fundamental theorems: 
MacLane [3]. A graph G is planar i’ G contuins a complete independent set of 
cycles (mdulo 2), such that IU) edge appears in more than two of these cycles. 
Whitney 151. The regions of every 3-connected planar graph are uniquely deter- 
mined by the graph. 
Steinitz [4J. A graph G is the (l-dimensional) skeleton of a convex polyhedron ifl 
G is a 3-connected planar graph. 
Finally we answer Conjecture 2 posed in [ 11: 
mm 3. I” 9 and 9’ are deltahedra on the same vertex set, then 9 can be 
transformed to 9’ by a sequence of a-operations. 
Proof. (An outline.) Let’s consider a realization of 9 = (V, E, T) on tht plane. If 
C(u) is an articulation set in (V, E), then there exists a v E V, such that {u, v} & E 
and for some a, b E V both of {u, a, 6) and {v, a, 6) belong to 7”. Therefore. by a 
sequence of a-operations we can get a deltrahedron in which every vertex is 
adjacent o u. The triangles not covering u form a triangulation of C(u) and by a 
further a-operation sequence using these triangles only, we can obtain easily the 
pattern shown in Fig 3. It is clear that @’ can be transformed to this “canonical” 
deltahedron with the same u and w. 
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Fig. 2. Example of the Stein&-Rademacher cperation on polyhedra. 
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Fig. 3. The canonical pattern of triangles on C(M). 
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